Confining Phases of a Compact U(l) Gauge Theory 
from the Sine-Gordon/Massive Thirring Duality 
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We consider the phase structure of a pure compact (7(1) gauge theory in four dimensions at 
finite temperature by treating this system as a perturbative deformation of the topological model. 
Phases of a gauge theory can be investigated from the phase structure of the topological model. The 
thermal pressure of the topological model has been calculated, from which its phase structure can 
be derived. We have obtained phases of a compact U(l) gauge theory. Moreover, the critical-line 
equation has been explicitly evaluated. 

PACS numbers: ll.10.Wx 12.38.Aw 12.38.Lg 



A novel scenario to study the confinement is a pertur- 
bative deformation of the topological model y], g, |], |[ [|, 
||, 0, ^1 and it has clarified various properties of the con- 
finement, string tension, phase structure, etc. The phase 
structure of a gauge theory can be described by that of 
the topological model. In this scenario we choose a modi- 
fied gauge fixing which leads to an OSp(A, 2) symmetry in 
the topological model. This symmetry enables us to ap- 
ply the Parisi-Sourlas (PS) dimensional reduction Q for 
the topological model. Due to the PS reduction the topo- 
logical model is equivalent to the two-dimensional non- 
linear sigma model (NLSM2). In particular, the behavior 
of topological objects in the NLSM2 decides whether a 
confining string between test particles appears or not. 
The advantage of this scenario is that the dynamics and 
mechanics of the confinement are very tractable. 

In the case of a compact U(l) gauge theory, the topo- 
logical model is equivalent to an 0(2) NLSM2. It has 
vortex solutions which form a two-dimensional Coulomb 
gas (CG). Phases of a compact U(l) gauge theory are 
determined by the behavior of a CG. It has been shown 
that the confining phase transition of a compact U(l) 
gauge theory at zero temperature can be described by the 
Berezinskii-Kosterlitz-Thouless (BKT) phase transition 
|To| , pd| [l2] and obtained that the critical gauge coupling 
is g CI = 7T [13] due to the compactness of the gauge group 
as in three dimensions jl4| [l^] . Now we consider the con- 
tinuum formulation but the confining phase exists as in 
the lattice gauge theory because we use singular configu- 
rations with regularization. If we remove the regulariza- 
tion, then the effect of topological objects and the confin- 
ing phase disappears as well known in Guth's work [ |L6| . 
In this sense, regularization for monopolcs is important 
for the existence of the confining phase. It is well known 
that an 0(2) NLSM 2 is equivalent to some models such as 
sine-Gordon (SG) model, massive Thirring (MT) model, 
and XY model. In our previous works || [?], || we have 
studied phases of a pure compact (7(1) gauge theory at 
finite temperature using these equivalences and obtained 



the results consistent to the prediction by Svetitsky and 
Yaffe 0, ||. 

In this letter we will report the existence of the confin- 
ing phase in a pure compact U(l) gauge theory in four 
dimensions at finite temperature as in the lattice gauge 
theory. 

Our consideration is based on demonstrating the phase 
structure of the topological model using the thermal pres- 
sure. We can calculate this quantity from the SG/MT 
duality and the equivalence between the one-dimensional 
CG and MT model at high temperature jl9). Moreover, 
we have obtained the explicit critical-line equation. 

We start with the action of the original U(l) gauge 
theory and treat the theory as a perturbative deforma- 
tion of the topological model that can be mapped to the 
SG model j|, [f|. Thus we can obtain the relationship 
between parameters in the compact J7(l) gauge theory 
and SG model as follows, 
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Here m and A are a mass and a coupling constant in 
the SG model respectively, and g is a gauge coupling 
in the compact U(l) gauge theory (For notations and 
details, see Ref. §). The C is defined by C = n 2 *^ 2 
where the dimensionless parameter n is defined by n = 
R J a and Rq is a radius for the regularization of vortices 
in an 0(2) NLSM 2 . This quantity is inherently related 
to (regularized) Dirac monopoles in four dimensions and 
important for the existence of the confining phase. The 
limit £ — > corresponds to remove the regularization, 
and the monopole effect vanishes and the confining phase 
disappears. 

The A = 1/a is introduced in a CG through the regu- 
larization of the two-dimensional potential, 
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and denotes a cut-off for the small distance. In four di- 
mensions, A corresponds to a cut-off for the short-range 
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interaction between monopoles. Moreover, the string ten- 
sion <7 s t in a gauge theory (at zero temperature) is given 
by 



A = CA 2 



(3) 



We cannot obtain the string tension at finite temperature 
yet, but we can guess even in the finite-temperature case 
that the behavior of a CG would determine whether the 
confining string appears or not. The A plays an impor- 
tant role and decides the scale of the theory (The A has 
been missed until this paper. The expression in this pa- 
per is correct.). Note that Eq. (|l|) does not depend on the 
temperature and holds at any temperature. It has been 
shown that the duality between the SG and MT model 
holds at zero temperature [ p0[ and even finite tempera- 
ture [Efi, B2| if the following relation 



47TTO 2 

A 



2?mt 



m 



pui MT , 



(4) 



is satisfied. Here m MT and <7„ T are a renormalized mass 
and a dimensionless coupling constant, respectively. Here 
the rcnormalization scale is set Combining 
Eq. (Q) with Eq. we can write parameters of the MT 
model by those of the gauge theory as 
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Here we should remark that the physical temperature T 
is common in the SG model, MT model and gauge theory 
by derivation in our scenario. 

The equivalence between the one-dimensional CG and 
MT model at high temperature has been shown in the 
dimensional reduction (DR) regime [fil| 
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A one-dimensional CG system is an exactly solvable and 
has two phases, which are a molecule phase and a plasma 
phase |23|, Q. Thus a one-dimensional CG system un- 
dergoes a BKT-like phase transition at certain temper- 
ature of the CG system. This phase transition can be 
explained by the intensity of the thermal pressure, 



P 1CG (z,e,a) = 27ra 2 7o (z) 
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where z and 9 are the fugacity and temperature of the 
CG system respectively, and a is a charge of the parti- 
cle forming the CG. The 70 is the highest eigenvalue of 
Mathieu's differential equation 



r & 



2z cos ( 



2/0) = 72/0) 



(9) 




FIG. 1: The I is numerically plotted as a function of T/tumt 
and <7m T /7t. A cliff and a slope exist. A cliff exists in the 
strong-coupling and low-temperature region. There is a slope 
in the negative-coupling region of the MT model. This slope 
appears as another confining phase in a gauge theory. How- 
ever, we cannot rely the result in this region as noted later. 



with y(tf> + 2tt) = yO). The thermal pressure of the MT 
model can be written as 119(1 



P MT (T, m MT , g MT ) = —T 2 + Picg(T, m MT , g MT ), (10) 

2ttT , v , s 
—o~^z7o(z), (11) 



Picg(T, m MT , 5mt) 



where z is defined by 
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The first term in Eq. (10) is the finite-size effect and 
the dominant CG contribution of the thermal pressure 
comes from 70(2). Since 70(2) is a monotonously in- 
creasing function, z becomes the order-parameter of the 
one-dimensional CG and MT model due to the behavior 
of 70 (z). If z <C 1, then the CG is in a molecule phase 
and the MT model is in the chirally symmetric phase. If 
I > 1, then the CG is in a plasma phase and the MT 
model is in the chirally broken phase. The numerical plot 
of z is shown in FIG.|l|. 

We can translate phases in the CG and MT model 
as those of a gauge theory using Eq. (||) . The order- 
parameter z can be rewritten as 
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The phase of a gauge theory at high temperature is deter- 
mined by a one-dimensional CG Q. Therefore, if z <C 1, 
then it is in a deconfining phase, and if z S> 1, then 
it is in a confining phase. We have numerically plotted 
Eq. @ as shown in FIG.|. We can see two precipices 
which corresponds to confining phases. One corresponds 
to the traditional confining phase predicted in the lattice 
gauge theory |l7], [ll| . Another is an unpredicted confin- 
ing phase, though it is out of the region that the result 
is valid as noted later. 
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FIG. 2: The z is numerically plotted at fixed re = 1 and 
Q = ^ 1 ' 2 A = 1000. One can see two precipices. One corre- 
sponds to a traditionally known confining phase but another 
is unknown. The weak-coupling and high-temperature region 
is out of the DR regime and the result would not be valid. 



Moreover we can evaluate the critical-line equation by 
setting z ~ 1, because 70(2) increases very rapidly more 
than z ~ 1. As a result, we obtain 
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We have also numerically plotted Eq. (|lj) as shown in 
FIG.|^. This result explicitly shows the critical behav- 
iors of the traditional confining phase and another con- 
fining phase. In the strong-coupling region, g 2 3> 7r 2 , the 
critical-line equation (O) becomes 
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This equation ( |15[ ) is identical with the asymptotic form 
of the critical-line equation obtained by the calculation of 
the one-loop effective potential in the SG model This 
coincidence surely confirms our results in this paper. 

Here we should comment on the validity of our results. 
Recall that wc have used the equivalence between the 
one-dimensional CG and MT model at high temperature 
in our derivation. This equivalence is valid in the DR 
regime where the thermo-dynamical limit exists. This 
regime in a gauge theory is expressed by 



T> >V /2CA, 9 2 >2tt 2 , 
T > v/2CA, g 2 > 4tt 2 . 
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The above constraints for the temperature have no prob- 
lem, but those for the gauge coupling are obstacles to 
propose the existence of another confining phase. As 
discussed in Ref. we may formally take the gauge 

coupling g arbitrary from the viewpoint of the gauge the- 
ory and the CG, although extra renormalizations at least 
would be required from the standpoint of the MT model. 
However, it is quite well known that the density of the 
magnetic monopoles decreases rapidly as the coupling 
constant gets smaller 25 . That, the monopole effect 
would almost vanish in this region. Therefore another 
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FIG. 3: The critical-line equation (jl^) can be numerically 
evaluated. In FIG.[]a the behaviors of the critical-line equa- 
tion are shown at re = 1 and Q = (, 1/2 A = 1000, 2000 and 
3000. In FIG.^b those are plotted in the region near the 
critical coupling. 



confining phase would not exist. Also, the existence of 
this phase depends on the value of re. If we take k > 1, 
then this phase disappears. 

Also, the traditional confining phase is consistent as 
shown in FIG.||, and we can also see the universal be- 
havior near the critical coupling g CI — n. This region is 
also out of the DR regime. Nevertheless, the critical-line 
equation behaves as expected. The reason is unknown. 

In summary we have investigated the phase structure 
of a pure compact U(l) gauge theory at finite tempera- 
ture using the scenario of a perturbative deformation of 
the topological model. The topological model has been 
mapped to the two-dimensional MT model through the 
PS dimensional reduction and SG/MT duality. Due to 
the equivalence between the one-dimensional CG and MT 
model at high temperature, we have obtained the ther- 
mal pressure of the topological model. In conclusion our 
results suggest that the confining phase would exist and 
we propose the phase structure of a pure compact U(l) 
gauge theory in four dimensions at finite temperature as 
shown in FIG.^. The confining phase at weak-coupling 
and high temperature region has not been predicted in 
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FIG. 4: Phase structure. 

Rcf. Il7|, [lj] and our results are invalid in this region. 
Therefore this phase would be an error in our calcula- 
tion. Moreover we have explicitly evaluated the critical- 
line equation. This result shows the traditional confining 
phase as known in the lattice |l7], |T^] , and also includes 
the result obtained in our previous work j|] . The detailed 
analysis will be done in the forthcoming paper [ p6[ . 

The phase transition of a gauge theory could be trans- 
lated to the chiral symmetry restoration in the two- 
dimensional MT model at finite temperature. It is ex- 
pected to have something to do with the monopole con- 
densation of a gauge theory in four dimensions. It can 
be also described by the behavior of a one-dimensional 
CG, that is a BKT-like phase transition. Concerning 
with these descriptions, we may consider that topolog- 
ical objects in the SG model should play an important 
role in the thermal phase transition of a gauge theory. 
This perspective is also attractive. 

In addition we can investigate the phase structure of a 
gauge theory by calculating the Gaussian effective poten- 
tial (GEP) in the SG model and derive the critical-line 
equation. In this approach, we would be able to study 
the low-temperature region and evaluate the critical-line 
equation more precisely |27j]. We have almost calculated 
and obtained confirmed results. 
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